Global minimizers for a p-Ginzburg-Landau-type energy
in R?
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Abstract

Given a p > 2, we prove existence of global minimizers for a p-Ginzburg-
Landau-type energy over maps on R? with degree d = 1 at infinity. For the
analogous problem on the half-plane we prove existence of a global minimizer
when p is close to 2.

The key ingredient of our proof is the degree reduction argument that allows
us to construct a map of degree d = 1 from an arbitrary map of degree d > 1
without increasing the p-Ginzburg-Landau energy.

1 Introduction

For a given p > 2 consider the Ginzburg-Landau-type energy
p o 1 2)2
E,(u) = |VulP + 3 (1—[ul?) (1.1)
RQ

over the class of maps u € I/Vli’p (R?,R?) that satisfy E,(u) < oo and have a degree

C
d “at infinity”. The last statement can be made precise by observing that any map

u € VVli’p (R?,R?) with E,(u) < oo satisfies

C

e u € CF (R? R?) where @ = 1 —2/p (Morrey’s lemma, [11]).

loc

e lim,_,o [u(z)| =1 (Section 3 below).

m7

Therefore, there exists an R > 0 such that the degree deg ( 4 8BT(O)) is well-

defined for every » > R and is independent of r. We use this value as the definition
of the degree, deg(u).
For any integer d € Z, introduce the class of maps

&= {u € WLP(RZR?) : Ep(u) < oo, deg(u) = d}

*Department of Mathematics, Louisiana State University, Baton Rouge, LA 70803, USA

TDepartment of Mathematics, Pennsylvania State University, University Park, PA 16802, USA

iDepartment of Theoretical and Applied Mathematics, The University of Akron, Akron, Ohio
44325, USA

$Department of Mathematics, Technion - Israel Institute of Technology, 32000 Haifa, Israel



and define
I,(d) = inf Ep(u). (1.2)
u€eEy
The set £; is nonempty, as can be readily seen, e.g., by verifying that the map

v(re?®) = f(r)e'® with
Fr) = {r, r<l1,

1, r>1,

is in &;. A natural question then is whether the infimum in (1.2) is attained. Our
main result provides an affirmative answer when d = +1—we are uncertain as to
whether this conclusion remains true for |d| > 2.

Theorem 1. For d = %1 there exists a map realizing the infimum I,,(d) in (1.2).

Note that the problem (1.2) is meaningless for the standard Ginzburg-Landau
energy Fs because it is not even clear how the class &; should be defined when
p =2 and d # 0. In fact, by a result of Cazenave (described in [7]), the constant
solutions u = €' with o € R are the only finite energy solutions of the associated
Euler-Lagrange equation, —Au = (1 — |u|?)u. Clearly, the degree of these solutions
is zero. The natural questions for p = 2 are concerned with local minimizers, i.e.,
those maps that are minimizers of the energy functional Fy on Br(0) with respect to
C§°(Br(0))-perturbations for every R > 0. These questions were first addressed in
[7]. Subsequently, Mironescu [10], relying on a result of Sandier [12], characterized
these local minimizers completely by showing that, up to a translation and a rotation,
they are all of the form f(r)e?. Here f(r) is the unique solution of the ODE obtained
by imposing rotational invariance on the Euler-Lagrange equation.

Next we turn our attention to the analogous problem on the upper half-plane

Ri = {(l‘l,xg) S R? ‘.1‘2 > 0}.

Once again, for p > 2, we are interested in minimizers of the energy functional

1
Byw) = [ 190 + 50— [,

+

but this time over all maps in I/Vli’p (Ri,RQ), satisfying the boundary condition

C

lu(z1,0)| =1, V21 € R, (1.3)

along with a degree condition at infinity. Here the definition of the degree can
be given by a small modification of the argument we employed in the R2-case: we
observe that the degree of ﬁ on d(Br(0)NR2) does not depend on R for sufficiently
large R and define deg(u) to be this integer value.
For any d € Z we set
EF = {ue WyP(RL,R?) : Ju(a1,0)| = 1, Ey(u) < 0o, deg(u) = d} (1.4)

oc



and define
I (d) = inf Ep(u). (1.5)
uel
Again, we study the question of existence of a minimizer for (1.5), but we are only
able to prove a result analogous to Theorem 1 when p is sufficiently close to 2.

Theorem 2. Ford = +1 there exists pg > 2 such that for allp € (2,py) the infimum
15 (d) is attained.

Recall that minimization problems with degree boundary conditions for the clas-
sical Ginzburg-Landau energy (p = 2) on perforated bounded domains were studied
in [1]-[4]. Our study of the problem on a half-plane was motivated by the results
in [2, 3] regarding the behavior of minimizing sequences when the H!— capacity
of the domain is sufficiently small and the minimizing sequences develop vortices
approaching the boundary of the domain.

The main tool we use in the proofs of Theorems 1 and 2 is a “degree reduction”
proposition proved in Section 2. In this proposition we show how we can transform
any given map u of degree D > 2 (on either R? or R?) to a new map @ of degree
D =1 so that E,(i) = E,(u). Loosely speaking, the proposition establishes the
intuitively clear result that “less degree implies less energy” for the infima.

In Section 3 we use the degree reduction argument to prove Theorem 1. In
Section 4 we study the limit p — 2% in the half-plane case and obtain some results
needed to prove Theorem 2. The proof of this theorem is given in Section 5.

ACKNOWLEDGMENT. The research of the authors was supported by the following
resources: Y.A. by NSF grant DMS 0604467, L.B. by NSF grant DMS-0708324,
D.G. by NSF grant DMS-0407361 and 1.S. by the Steigman Research Fund.

2 A key proposition

Here we prove a key proposition that is the main ingredient of the proof of Theorem 1.
A variant of it will also be used in the proof of Theorem 2. Before stating the
proposition, we provide some basic properties of maps with finite energy.

Lemma 2.1. Let u € W;"P(R2,R?) be any map with E,(u) < oco. Then u €

loc

C*(R2,R?) witha =1—2/p and

lim |u(z)]=1. (2.1)

|z|—o0

The analogous result holds for u € VV&’”(R%,RQ) satisfying Ep(u) < 0o.

C

Proof. The first assertion is a direct consequence of Morrey’s inequality [11] which
asserts that, upon modifying v on a set of measure zero,

u(z) = u)| < ClIVulloge)lz = yl*, Yo,y € R?, (2.2)



for some constant C' > 0 depending only on p. To prove (2.1) we employ the same
argument used in the proof of the analogous result [7] in the case p = 2. Suppose
that there exists a sequence |z(™)| — oo with |u (x(”))‘ < 1-6 for some § > 0.
Then, by (2.2),

(1= ul?)* =5 >0,

for all n and some constant . But this contradicts our assumption that

/ (1= |u?)? < Ep(u) < oo.
RQ

In the case of u € WP (Ra_, R?) it suffices to extend u to a map U € T/Vllo’p (RQ, RZ)

loc c
via reflection w.r.t. the xo-axis, and to apply the previous argument. O

Next we state and prove the main result of this section.

Proposition 1. Let D > 2 be an integer. Then, for each u € Ep, there exists 4 € &
such that E,(@) = Ep(u) and

iy (x) = ui(z) and |az(z)| = |uz(z)|, Vo € R2. (2.3)

Proof. By Lemma 2.1 there exists By > 0 such that |u(z)] > 1 for |z| > Ro.
By Fubini theorem we can find r € (Ro, Ry + 1) such that faB,«(o) |VulP < E,(u).
Therefore, by Holder inequality,

/83T (0)
ou

Here g* denotes the tangential derivative of u along 0B,(0).

We start by constructing a map @ € W1P(B,.(0),R?) (of course, also @ €
C(B,(0),R?)) satisfying (2.3) on B,(0) and such that deg (@, dB,(0)) = 1. Thus,
until stated otherwise, we consider v on B, (0) only. Since u = (u1, u2) is continuous,
we can represent the set B,.(0)N{ug # 0} as a union of its (countably many) disjoint

components,

ou

or

dr < oo. (2.4)

{ug #0} N B(0) = |J wfu | wy,

JET+ JEL_

where {w;r}jg+ are the components of the set B;(0) N {ug > 0}, while {w; }jer
are the components of B,(0) N {uz < 0}. Each index set Z is either a finite set of
integers {1,..., N}, or the set N of all positive integers. Note that both Z, and Z_
are nonempty because, contrary to our assumption, the degree of u is zero if u takes
values in a half-plane. Denote

u;j = Xw;_-\u2|, Vi€l and wuy; = ij_|u2|, Viel_.

Then, on B, (0)

UQZZU;:j—ZU;’j. (2.5)

JETL JEL_



Next we claim that for each wj[,
uy; € WH(B,(0)). (2.6)

We pay special attention to cases where 8wj-c N 0B,(0) is nonempty. We begin by
applying a standard argument (cf. [8]) to construct an extension w of uy such that
w € C.(R?) N W1P(R?). Let Q denote the connected component of the set {w # 0}
that contains wji. Then, w € W& P(Q) N C(Q), and by defining an extension map
W which is identically zero on R?\ @ we obtain that @ € W'P(R?) N C.(R?) (note
that no regularity assumption on @) is required for this to hold, see Remarque 20

after Théoreme IX.17 in [6]). Since @ = x_ zuz on B,.(0), we deduce immediately
J

that (2.6) holds.
It follows from (2.6) that for every pair of maps, v4 : Zp — {—1,+1},v- : Z_ —
{—1,+1} the function

ugwﬁ—) _ Z 7+(j)uér,j + Z v-(4)us, (2.7)

JET+ JEL_

belongs to WP(B,.(0)) and the map @ = (ul,ug”’%)) satisfies (2.3) on B,(0). We
now show that it is possible to choose v4 and ~_ in such a way that the resulting @
will have degree equal to 1.

First, we claim that one can assume that Z, is finite. Indeed, if Zy = N, then

we define a sequence of maps v = (v](LN),véN)) by

N o = )
N _ N
U2 :Z“;,j - Z “2+,j - Z uy; and vy’ =g,
j=1 j=N+1 jeT_

where N > 1. By dominated convergence, it can be easily seen that o) 4 in
WLP(B,.(0)), hence also in C(B,(0)). By the continuity of the degree, we obtain

lim_deg (UW ), 8BT(O)) = deg(u, 8B, (0)) = D.
—00

Therefore, for sufficiently large N, we have deg (U(N )) = D. Since we can replace
u by v, the claim follows. We will assume in the sequel that u is such that
Z,=A{1,...,N} for some N € N.

Next, we claim that one can effectively assume that N = 1. From now on, we
assume the positive orientation (i.e., counter clockwise) of 9B, (0). The map U = \_ZI
is well-defined on dB,.(0) and, thanks to (2.4), it belongs to W11(8B,.(0), S'). For
7=1,...,N set

Aj =w} N9B,(0) and a; :/A UAUydr,
j
so that a; equals the change of phase of U on A;. Further, denote

b= / vy UANU dr.
0B-(0)\ U A4;

=1

5



Clearly

N
2D =b+ Y a;. (2.8)
j=1
N
But since replacing w = u; + iug by its complex conjugate u = u; — iug on |J wj
j=1

(without changing u elsewhere) would result with a map of degree zero (since it
takes its values only in the lower half-plane), we must also have

N
0=-) a;+b. (2.9)
j=1
From (2.8)—(2.9) we get
N
b= a;=nD. (2.10)
j=1
It follows from (2.10) that there exists jo for which
b+aj, — Y a;=2a;,>0. (2.11)
J#Jo

From (2.11) we deduce that the map v = (v1,v2) € W'P(B,.(0)) with v; = u;

and vy given by:
— +
S e

uz(x) T € w;g,

has degree d > 0. If d = 1 then the proposition is proved, thus we assume in the
sequel that d > 2.

Consider the set Q= = {x € B,(0) : va(x) < 0} and write it as a disjoint
countable union of its components,

Q*:UQJ.‘.

JjeT

Set v

V =— on 0B,(0).

™ (0)

By (2.4)

/ a—v‘d7'<oo. (2.12)

aB,(0) | OT
Define

Gy ={zx € 0B,(0) : va(z) >0} and G_ ={z € IB,(0) : va(x) < 0}.

As above

/V/\VTdT:/ VAV.dr =nd. (2.13)
Gy

6



We can write each of G and G_ (which are (relatively) open subsets of B,(0)) as
a countable union of open segments on the circle 9B, (0):

Gr=JJi and G_= | T

€L+ ek

Clearly, each segment J! satisfies

J.C Q) for a unique (i) e J. (2.14)

Of course, also Ji. C w_;-; for each 4. Since for each segment J&, v2(dJ%) = 0, i.e.,
V(0JL) C {—1,1}, we clearly have

/_ VAV dr € {—m,0,7}. (2.15)
Ji

Invoking (2.12) we deduce that the number of intervals J4 for which [ i VAV-dr #0

is finite. We denote them (ordered according to the positive orientation) by

71 jn+ 1 le_
Jo, 0T and JE LT

Then our assumption that d > 2 in conjunction with (2.15) and (2.13) implies that
Ky > 2.
Given an s = 1,..., k4, denote by rexp(if; j,) and rexp(ify ;,) the end points
of Jf so that
J_Jil_s = {T‘eio :0¢ (917]'5,927]'5)} .

We claim that there exists at least one pair of two consecutive segments, w.l.o.g. J erl
and J7?, such that for the intermediate segment

I = {rew c0e (025,601,5)}

we have

5::/V/\V7d77$0.
I

Indeed, this follows immediately from the fact that the total change of phase of V
over all such intermediate segments equals wd by (2.13).
Next, set

I, ={z el :v(z)>0} and I_={x el : va(z) <0}.

From the definitions of Jf and § it follows that
/ VAV.,=0 and / VAV.=0. (2.16)
_ Iy

Furthermore, it is easy to see that



(i) V(rexp(iba;,)) = £1 and V(rexp(ib; j,)) = =V (rexp(iba;,)),
(ii) 6 = +7,

K_— lo_
iii) I N J' £ (. and there is an odd number of segments JE” oo, J 1 such
(iif) U : g e

s=1

that J' I for every i = 1,...,2k + 1 and some k € N (see Figure 1).

Ji T2
== 0B,(0)
vy >0
Figure 1: In this example, there are five “negative segments”, Jﬁ’l ey Jﬁ’5, between
the two “positive segments” Ji' and J7*.
Consider the components QE@(,.) corresponding to Jﬁ” fori = 1,...,2k + 1 (see

(2.14)). We now claim that, for each ¢ = 1,...,2k + 1, the set Q&lg') satisfies

., )NG-C 1. (2.17)

Indeed, assume by negation that (2.17) doesn’t hold for some i. Then, there exists

a segment J7 C Q)N (G- \ I). But this would imply the existence of a curve



. . i . . lo, . L .
starting at a point on J? and ending at a point on J_°* whose interior is contained

in Qc_(lm)' The existence of such a curve clearly contradicts the connectedness of
wj'-;, and (2.17) follows.
Finally, we define the map 4 = @ + itp on B,(0) as follows. Set 47 = u; and

%+l
- ) we(r) we ‘!1 QC(lai)’

|va(x)|  otherwise.

Therefore, either 4 or its complex conjugate i, — itio has degree 1 as required.

Finally, we use the above construction to define a map @ on R? possessing the
property stated in the proposition. Choose a sequence {R,}5°; with R,, — 00, so
we may assume that R, > Ry for all n. For each n we may find r, € (R,, R, + 1)
satisfying (2.4) with r = r,, and repeat the above construction to get a map @™ €
WP (B,,(0),R?) satisfying

i (@) = wi(z) and |@5" (2)] = us(2)], Yz € B, (0), (2.18)

and deg (&(”),8Brn (0)) = 1. Note that (2.18) implies
V™ (z)| = |Vu(z)|, a.e. in B,,(0). (2.19)
By (2.18)(2.19) the sequence {@™} is bounded in VVli’f(]RQ,]RQ), and by passing

~ ~ Ly m2 2
to a subsequence we may assume that @(™ converges to a map @ € w2 (R*,R?),

weakly in I/Vllo’f(RQ, R?), hence also in Cj,.(R?,R?). Clearly, @ satisfies the assertion
of the proposition. O

By using exactly the same method, we can prove an analogous result for the
half-plane.

Proposition 2. Let D > 2 be an integer. Then, for each u € 575 there exists i € £
such that E,(@) = Ep(u), where

a1 (z) = uy(x) and |io ()| = |ug(z)|, Vo € R2.

3 Existence of minimizers in R2

In this section we study the existence of minimizers on R? and prove Theorem 1. The
main difficulty we face here is to show that the (weak) limit of a minimizing sequence
must satisfy the degree condition. Our main tool in overcoming this difficulty is
Proposition 1.



Proof of Theorem 1. Clearly, without any loss of generality, we can consider the case
d=1. Let {u,}>2; be a minimizing sequence in & for I,(1), i.e.,

lim Ep(u,) = Ip(1).

n—oo

By (2.2), there exists a constant Ao > 0 such that,

1
[un (z0)] < 5 = |un(z)] < 1 Vo € By,(z0), Vn € N. (3.1)
Consider the set .
Sy = {1‘ € R? : Ju,(2)] < 5} . (3.2)

Next, borrowing an argument from [5], we show that S,, can be covered by a finite

number of “bad disks”. Starting from a point x; ,, € S, we choose a point z3, € S\
k—1

Bsy,(21,,) (if this set is nonempty) and then, by recurrence, z, , € Sp\ U Bsx, ()
j=1

(if this set is nonempty). This selection process must stop after a finite number of

iterations (bounded uniformly in n), because [go (1 — |un|2)2 < (C, and the disks

{B), (ij,n)}?:l are mutually disjoint at each step, while

)\2
/ (1—funl?)? > 220, (3.3)
By (%),n) 16

by (3.1).
Passing to a further subsequence (if necessary), we find that the number of disks
is independent of n, i.e.,

m
Sn - U B5)\0 (x],n) )
j=1
where {z;,}7L; C S, and the disks {B),(z;»)}7; are mutually disjoint. By re-
placing u,, (z) with w,(z — z1,,), we may assume that

z1n, =0, Vn € N. (3.4)

From (2.2) and (3.4) it follows that {u,} is bounded in Cj* (R? R?). Therefore,
by passing to a subsequence and relabeling, we may assume that {u,} converges in
Cioc(R%,R?) and weakly in W/lif(RZ, R?) to a map u € W/lif(RZ, R?). By weak lower
semicontinuity and the local uniform convergence it follows that

Ey(u) < lim E,(u,) = 1Iy(1). (3.5)
n—oo
It remains to show that u € &;.
Let
R :=supmax{|z;,| : 1 <j<m} e (0,00]. (3.6)
n>1

10



We distinguish two cases:
(i) R < 0.
(ii) R = 0.

In the case (i), we clearly have

1
[un(@)l 2 5+ |2] 2 B+ 5X, ¥n € N.

By the local uniform convergence,
deg(u, 0B, (0)) = deg(uy,0B,(0)) =1,

for each 7 > R + 5\, i.e., u € & and we conclude from (3.5) that u is a minimizer
for (1.2).

Next, we show that the case (ii) is impossible. Assume by negation that the case
(ii) holds. Then, by passing to a subsequence, we may assume the following: the
index set J = {1,...,m} is a union of K > 2 disjoint subsets, J1, ..., Jk, such that
the (generalized) limit [, j, := limy oo |€j;.n — Tjy.n| € (0,00] exists for every pair
of distinct indices j1,j2 € {1,...,m} and

ljl,jQ < oo <= dke {1,...,K} s.t. J1,02 € Tk -
For every k € {1,..., K} and each n we define
Ok, = max{|Tj, n — Tjo.n| : J1,72 € Ti}- (3.7)

Note that Ay = sup, i, < oo for every k € {1,...,K}. For j € {1,...,m} we
denote by o(j) the index in {1,..., K} such that j € J,(;). Defining

pn =inf{|zj, n —zjon| : J1,d2 €{1,...,m} s.t. o(j1) #o(j2)},

we have lim,, o, pp, = 0.
Fix any k € {1,...,K} and any ji € o~ '(k). Define the sequence {vgk)} by

o

n € N. If we take 71 > Ay, then the degree dj, = deg (vr(lk),aBr(O)) does not
depend on r for r; < r < p,/2. Passing to a further subsequence, we may assume
that dy, , = dj, for all n € N and further, that v,(lk) — vy, in Cpoe(R%,R?) and weakly

in W/lif(RQ, R?), for some vy, € &y, . In case dj, # 0 we have

() = up(x + 2j,,n). For any ri > 0 we have r < p,/2 for a sufficiently large

I,(dr) < Ep(vg) . (3.8)

Note that (3.8) is obviously true when dj, = 0 because I,,(0) = 0. However, thanks
to (3.3), we have that
A2

Sy < Bplwr). (3.9)

11



Set
’C:{k‘E{l,...,K} : dk#O},

and denote its complement in {1,..., K} by K¢. Note that by the properties of the
degree

so that, in particular, K # (). By weak lower semi-continuity, the aforementioned
convergence, and (3.8)—(3.9) we obtain

o TS .
K |3—20 + ) L(de) £ Y Eylwe) < Tim B, (up) = Ip(1). (3.10)
kek keK
Using Proposition 1 in (3.10) yields
LPY:

Ly

+ K[ (1) < I(1),

from which it is clear that K¢ = () and thus K must be a singleton, i.e., K = 1—a
contradiction. O

4 Limiting behaviour of global minimizers when p — 2

Throughout this section we denote by u, a global minimizer realizing I,(1) for p > 2
(the existence is guaranteed by Theorem 1) satisfying

up(0) = 0. (4.1)

The condition (4.1) can always be fulfilled by an appropriate translation. The fol-
lowing proposition is needed in Section 5 where we study the existence problem for
minimizers on ]R%_.

Proposition 3. Let {u,}p>2 be a family of minimizers satisfying (4.1). Then, for
every sequence p, — 27 we have, up to a subsequence,

up, — U weakly in HJ (R?), (4.2)
where 4 is a degree-one solution of the classical Ginzburg-Landau equation
~At=(1—|a*a. (4.3)
on R%. Furthermore,
Jim [ (1 jup|?)? = 2. (4.4)

To prove this proposition we need the following Pohozaev-type identity that will
also be used later on in § 5.

12



Lemma 4.1. For every p > 2 we have

[ a-tep)? =220,
R? p

Proof. Let A > 0 and set wy(x) = up(Az) and

1
FO) = Bylun) =¥ [ 190+ 5 [ (0=l
]RQ QA ]RQ

Since F has a local minimum at A = 1, we must have F'(1) = 0. Thus

=2 [ Vil = [ (=)’

and (4.5) follows.
An upper bound for (1) is given by the next lemma.

Lemma 4.2. We have

2

I,(1) < 2—1—37T, Vp > 2.

Proof. Define a function f(r) by

A direct computation gives
) 0o 9l-p/2
I,(1) < Ey(fe?) < 3r + 277/ M P dr =31+ 2r——rn |
V2 p—2

and (4.6) follows.

(4.6)

O

Remark 4.1. Although our main interest is in the limit p — 2, we note that the

result of Lemma 4.2 provides a uniform bound in the limit p — oo as well.

Proof of Proposition 3. First, we show that the maps {u)},>2 are uniformly bounded

in H}

loc

(R?). The Euler-Lagrange equation associated with (1.1) is
p _
5V (IVup P72V uy) £ up (1= fuy[*) = 0.

Let n € C§°(R4,[0,1]) be a cutoff function satisfying

1 'r<% ,
r) = <4.
(r) {0 N

13
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Fix any z¢ € R?. Using the identity
VupV (iup) = |V (nup)[* — |up|?| V|,

we obtain, upon multiplying (4.7) by n%(|z — xo|)up(x) and integrating over R?,

Lomul< [ V)
By /2(wo) Bi(zo)

B 2
- / V12 2|V P2+ 2 / P2l 21— Juyl?)
Bi(zo) b

Bi(zo)

up(z)
[up ()]
set {z : |up(x)| > 1} would yield a map with a lower energy), we conclude, using

the Holder inequality, that

(r=2)/
/ VP < C 1+(/ \Vupv’)p " (4.9)
By /2(20) Bi(zo)

Here and for the remainder of the proof, C' denotes a constant independent of p > 2.
Inserting (4.6) into (4.9) yields

Since we have ||upl|oc < 1 for every p (otherwise, replacing w,(z) by on the

/ Vuyl” < € (=272 1)
B1/2($0)

hence

| wwk<c
31/2(930)

uniformly in p > 2. Applying the Holder inequality once again and using a covering
argument we find that

/ |Vu,* < C(R), Vp>2,YR>0. (4.10)
BRr(0)

Thanks to (4.10), there exists a sequence p, — 2% such that u,, — @ weakly in
HL (R?). We now verify that @ satisfies (4.3). To this end, choose an arbitrary test
function ¢ € C2°(R?). By (4.7) we have for each n,

L5925, F0 = [ (1= )0 (4.11)

Using (4.10) and the Rellich-Kondrachov compact embedding theorem, we deduce
that {u,, } is relatively compact in L{ (R?) for every ¢ > 2. By passing, if necessary,

loc
to a further subsequence, we then deduce that

n—oo

tim [ (U [y, ) = [ a1~ [a)o. (4.12)
RQ RQ
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Next, we claim that

lim %|vupn|pn*2vupnv¢= ViVe. (4.13)
2 ]RQ

n—oo R

Clearly, (4.13) would follow if we can show that

lim (|vupn\pn*2 - 1)wpnv¢ = 0. (4.14)
RQ

n—oo
For any p > 2 define the function
gp(t) = [t""? — 1|t on t € [0,00). (4.15)

An elementary computation shows that, for any g > 1,

1

o () = max {a(0). 9, ((-27)77 ) | = 0. wsp 2,

t€[0,8] p—1
It follows that

lim (\vupnv’n—? - 1)wpnv¢ =0. (4.16)
=20 J{|Tuy,, (2)| <5}

Let R > 0 be such that
supp(¢) C Br(0)
and set
Anp = {z € Br(0) : |[Vuy,(z)| > B}.
By (4.10), we have
C(R)
G2

#(An,ﬁ) <

Therefore,

‘/ (19,72 = 1) Ve, V9| < C(R)/ (IVap, [P~ + [V, )
Anﬁ An,,B

1 3—pn

< O(R)( / Vup, [2) 57 u(An5) 3 < C(R)F . (4.17)

Br(0)

Since we may choose 3 to be arbitrary large, we deduce (4.14) from (4.16)-(4.17)
and (4.13) follows. Consequently, (4.3) follows from (4.12)—(4.13).

Finally, we need to identify the degree of &. Combining Lemma 4.1 with Lemma 4.2
we get that

limsup/ (1 —|up, [H* < 2m.
R2

n—oo

. ~ . 4 2 .
Since uy, — @ in L, (R®), we obtain

/ (1—|a]*)? < 2r.
R2
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From the quantization result of [7] it follows that there are only two possibilities

/ (1—|a[*)? =27 or 0, (4.18)
R2

corresponding to the degrees £1 or 0, respectively.

We now establish an improved regularity result for {u,}. We make use of The-
orem 4.1 in [9]. While it is not clearly stated there, it is possible to verify by
examining the proof provided in [9] that all of the estimates in [9] are uniform in p
when p — 27. It follows that there exists a ¢ > 2 and a constant C' > 0 such that

/ [V, [T < C, (4.19)
Bi(y)

for each n and for each disk Bi(y) in R%. From (4.19) and Morrey’s lemma we
deduce that

|ty () — up, (y)| < Clz —y|*=2/9, Va,y e R, VneN, (4.20)

i.e., the family {uy,} is equicontinuous on R?. Therefore, @(0) = 0, the integral
in (4.18) cannot vanish, and (4.4) follows. Finally, using the equicontinuity again,
deg(u) = 1. O

Combining (4.4) with (4.5) we obtain the following result.

Corollary 4.1. We have

li —2),(1) =27
pHng(p ) Ip(1)
and

lim (1) = oo.
Jim, (1) = o0

5 Existence of minimizers in Ri

In this section we study the problem of existence of minimizers in ]R?F under the
degree condition at infinity. In contrast with the case of the entire plane, here we
are only able to prove the existence of minimizers of degree +1 when p is restricted
to some right semi-neighborhood (2,pg) of p = 2. A major difference between the
two cases is due to the different asymptotic behaviour of the energies when p — 27T,
While in the R?-case the energy blows up in that limit, i.e., lim, o+ I(1) = +o0
(Corollary 4.1), in the R%-case the energy L (1) remains bounded when p — 2.
The latter result is demonstrated in the following lemma.

Lemma 5.1. We have limy_5, I (1) = 2m.

16



Proof. Let
z— Al

24+ X’

where 0 < A < 1/2and z = 1 +i29. We obtain an upper bound for limsup,, o+ 1,7 (1)
by introducing a smooth test function satisfying

uy(z) =

<1
i) =4 FISh g wae <o, 1<) <2,
L |zl =2

for A < 1/2. As u, is a conformal mapping of R% on B;(0), we have

/ |VU)\‘2 =27.
R
Hence,
lim |Viy)? = 2r.
A—0 Ri

As 1 — 4, is compactly supported, we have

i, i, B(62)=2x
from which we obtain that limsup, o+ I,/ (1) < 2.
Next, we prove the lower bound. Fix any u € & (see (1.4)) and for each
B € (0,1) set
Qp={z €eR% : |u(z)| < B}.

Clearly, . ,
E - — w2 > = (1= 82) u(
@25 [ (-l 2 505" ),
and hence 2B, (u)
»(u
pOs) < . (5.1)

Consider any connected component w of 3. If w contains a point o where u(zg) =0
then B, (xg) C w for some r > 0, which depends only on the modulus of continuity of
u. It follows in particular that the number of the components w with deg(u, dw) # 0
is finite. Denoting the union of these components by A, we obtain that the image
of A under u is the disk Bg(0), hence

/ |Vul? >/ |Vul? > 2/ Ug, AUy, > 2m[°% . (5.2)
Qs A A

The Holder inequality implies that

/2
TulP > (fﬂﬁ |VU‘2)p 5 3
i, 1o = 9

17



Combining (5.1), (5.2), and (5.3) we obtain

(2m)/2(1 - B2
(26, (u)) 722

B> [ [Vup >
Qp

Consequently,
2(p—2)

Ey(u) > 20 nf?(1— 5% 7 .

Letting p — 2, we obtain

lim E,(u) >276%, V<1,

p—27
and the desired lower bound follows. O

Proof of Theorem 2. By Corollary 4.1 and Lemma 5.1 there exists a pg > 2 such
that

I3 (1) < L(1), Vpe (2p). (5.4)

Next, we show that the theorem holds with this value of py, thus we assume in the
sequel that p € (2,pg). As in the proof of Theorem 1, we consider a minimizing
sequence {uy} for IF(1). Our argument is very similar to the one used in the proof
of Theorem 1, with the only new difficulty related to the possibility of a “vortex”
whose distance to 8Ri goes to infinity with n. The equation (5.4) is needed precisely
in order to exclude this possibility.

As in (3.2) we set for each n

1
S, = {:L‘G}R?F s un ()] < 5} .

With Ag defined as in (3.1), we can find (along the lines of the proof of Theorem 1)
a collection of mutually disjoint disks {By,/5(%j.)}j2; such that

{Tjntjey CSp and S, C U By, (Tjn)
j=1

where m is independent of n (upon passing to a further subsequence, if necessary).
In what follows, the coordinates of x;, are denoted by (z;,)1 and (x;,)2. Note
that By, (z;,) C R because of (3.1) and the boundary condition (1.3).

Next, we divide the index set J = {1,...,m} into K > 1 disjoint subsets
Ji, ..., Jk so that the distance |z, , — 2}, | remains bounded as n goes to oo if
and only if j; and js belong to the same J; (cf. Theorem 1). Now we can subdivide
the index set {1,..., K} into two disjoint subsets:

Ki={k : (zjn)2 — o0, j€ Tk},
Ko ={k : {(zjn)2},=; is bounded, j € Ji}.

18



Note that one of the sets K1, 2 may be empty. By passing to a subsequence we
may further assume that lim,, .o (z; )2 exists for every k € Ky and j € Jj. For
each k € {1,..., K} we fix an arbitrary ji € J; and define

ngk) (z) = up(z + x]’k,n) on Aj, = Ri— — Ljg,n -

Consider first the case k € ICy. Then, the limit of the sets {4}, ,}n>1, as n — o0,
is R?. Further, there exists an R > 0 such that, for every r > R, the degree
dipn = deg(v&k)ﬁBT(O)) does not depend on r and n and may be denoted by d.
This statement follows (for a subsequence) from the equicontinuity of {v&k)}%o:l on

0BRr(0). Passing to a further subsequence, we obtain that vr(lk) — g in Cppe(R2,R?),
and weakly in V[/l})f(RQ,RQ), where the map vy, € ;. Clearly

sup lim B, (v{); Br(0)) > sup B, (v; Br(0)) = Ep(ur)

R>0n—o0 R>0
9 (5.5)
> min | I,(dy), )
- 32
Here
(u; D) / |VulP + 1— lu|?)?,
for every D C R2.
When k € ICy the limit of {A4;, »,}n>1, as n — oo, is the half-plane
Hy={y€R?®: yp >t} with t=— lim (z,)2.
n—oo
Similar to the previous case, for r > R, we find that
e = deg (v,0 (B,(0) N 4j,.)) = i,
is independent of r and n. As in (5.5) we obtain
sup Tim E, (05 Br(0) N Ajn ) = sup By (vg; Br(0) N Aj, )
R>0n—o00 R>0
N A2 (5.6)
> 17 (d
win (1 (@), 52 )
Obviously, by construction,
K
D dp=1. (5.7)
k=1

Using (5.5)—(5.6) we deduce that

(1) = lim Ep(un) > Y min< L(dy), ?j) +3 min< (dy), 7?;) . (5.8)

ke kes
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By Proposition 1 and (5.4) we have
Ip(d) > I,(1) > IF (1), Vd #0,
which together with (5.8), (5.7), and Proposition 2 gives
K1 =0 and Ky = {ko}.

Furthermore, it follows that di, = 1. Choosing jo € Jk, and defining a new sequence
by
’ELn(.’E) = Un(l‘ + (ijo,n)l) , N 2 ]-7

we conclude (again, after passing to a subsequence) that

Uy — U in C’loc(@i, R?) and 4, — u weakly in VV&’S(R%,RQ) )

It follows that u € & and E,(u) = L (1). O

We conclude this section by providing an upper bound for the distance of the
zeros of a minimizer from 8Ri.

Proposition 4. For p € (2,po), let v, denote a minimizer realizing the minimum
in (1.5). Let vy(xp) = 0 and assume w.l.o.g. that x, = (0,7,). Then, there ezists a
positive constant C' such that

m < Clp—2)'2, Vpe(2,pm). (5.9)
Proof. For each p € (2,pg) we set 7, = min(rp,1) and define a rescaled map p(x)
on B;(0) by

Up(2) = vp(Fpa + p) .

From the identity
9 - . 1 -
B [ e [ S0 PR = Byl B, (a)).
B1(0) B1(0)

it follows that ¥}, is a minimizer for the energy

~ 1
Bw)= [ vl [ Sa-pPy,
B1(0) B1(0) 2

over the maps v € W1P(B;(0), R?) satisfying v = 9, on 9B1(0). By Lemma 5.1 we

have
[ vap=m |
B1(0) B

so we can again apply the same method as in the proof of the Giaquinta-Giusti
regularity result from [9] in order to deduce a uniform bound for the Holder semi-
norm

Vol <[ vePsc,
Tp

Pp #p (Tp)

[Oplcn (B, 5(0)) < €0
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with =1 —2/q for some ¢ > 2. Rescaling back we get
Co
[Up]cﬂ(B;p/Q(xp)) <3 (5.10)
Tp
It follows from (5.10) that
Co
[vp(z)] < f—ﬂ\m - pr» (S BFP/Q('TP)v

and we deduce easily that

J

for some positive constant c;.
Finally, we note that the Pohozaev identity (4.5) also holds for minimizers on
R? | i.e.
+ )

(1= [,f2)? > / (1— [0,2)? > er2, (5.11)
By, j2(2p

2
+

2(p — 2)
[ a=twkr =222, (5.12)
R2 p
Combining (5.11)—(5.12) with Lemma 5.1 yields (5.9). O
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